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Abstract 

In this paper, we prove that for every Finsler n-sphere (S*", F) for 71 > 3 with reversibility 
X and flag curvature K satisfying (^aTt) < ^ 1j either there exist infinitely many prime 
closed geodesies or there exists one elliptic closed geodesic whose linearized Poincare map has 
at least one eigenvalue which is of the form exp(7ri/i) with an irrational fi. Furthermore, there 
always exist three prime closed geodesies on any {S^ , F) satisfying the above pinching condition. 
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1 Introduction and main results 

This paper is devoted to a study on closed geodesies on Finsler n-spheres. For the definition of 
closed geodesies on a Finsler manifold, we refer readers to |BCS1] and [Shelj . As usual, on any 
Finsler n-sphere S*" = (S*", F) a closed geodesic c : = R/Z S"- is prime, if it is not a multiple 
covering (i.e., iteration) of any other closed geodesies. Here the m-th iteration c*" of c is defined by 
c"*(i) = c{mt). The inverse curve of c is defined by c~^{t) = c(l — t) for i G R. Note that on a 
non-symmetric Finsler sphere, is not a geodesic in general. We call two prime closed geodesies 
c and d distinct, if there is no ^ € such that c{t) = d{t + 9) for all t S R. We shall omit the 
word distinct for short when we talk about more than one prime closed geodesies. On a symmetric 
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Finsler (or Riemannian) n-sphere, two closed geodesies c and d are called geometrically distinct, if 
c{S^) 7^ d{S^), i.e., their image sets in 5"" are distinct. 

For a closed geodesic c on (5", F), denote by Pc the linearized Poincare map of c. Then 
Pc G Sp(2n — 2) is symplectic. For any M £ Sp(2A;), we define the elliptic height e(M) of M to 
be the total algebraic multiplicity of all eigenvalues of M on the unit circle U = {z € C| \z\ = 1} 
in the complex plane C. Since M is symplectic, e(M) is even and < e(M) < 2k. A closed 
geodesic c is called elliptic if e{Pc) = 2(n — 1), i.e., all the eigenvalues of Pc locate on U. Following 
H-B. Rademacher in |Rad3] . the reversibility A = A(M, F) of a compact Finsler manifold (M, F) 
is defied to be 

A := max{F(-X) | X G TM, F{X) = 1} > 1. 

It was quite surprising when Katok [Katlj in 1973 found some non-symmetric Finsler metrics 
on S"" with only finitely many prime closed geodesies and all closed geodesies are non-degenerate 
and elliptic. The smallest number of closed geodesies that one obtains in these examples is 2n on 
S^" and 5"^""^ (cf. [Zillj ). Then it is an open question whether there are always at least n prime 
closed geodesies on any Finsler n-sphere (cf. p. 156 of [Zillj ). 

The following are the main results in this paper: 

Theorem 1.1. For every Finsler n-sphere {S"', F) for n > 3 with reversibility A and flag 
curvature K satisfying < K < 1, either there exist infinitely many prime closed geodesies 

or there exists one elliptic closed geodesic whose linearized Poincare map has at least one eigen- 
value which is of the form exp(7ri/i) with an irrational fi. The number fi could be called a Floquet 
exponent. 

Theorem 1.2. Under the assumption of Theorem 1.1 and suppose the number of prime closed 
geodesies is finite. Denote by {Pcj}i<j<p the linearized Poincare maps of them. Then there exist at 
least two pairs of eigenvalues of those PcjS which are of the form exp(7ri/x) with /x being irrational, 
(the two pairs of eigenvalues maybe belong to one Pcj)- 

Remark 1.3. Note that on the standard Riemannian n-sphere of constant curvature 1, all 
geodesies are closed and their linearized Poincare maps are l2n-2, i-e., the identity matrix in R-^""^ 
and then there exists no eigenvalue of them which is an irrational multiple of vr. Hence our above 
theorems describe a character of a Finsler sphere which carries finitely many prime closed geodesies. 

Note also that our definition of ellipticity is different from that in [BTZlj . in which they call 
a closed geodesic c is of elliptic-parabolic type if the linearized Poincare map Pc of c splits into 
two-dimensional rotations and a part whose eigenvalues are ±1. 
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In [BTZlj . W. Ballmann, G. Thorbergsson and W. Ziller proved that if a Riemannian manifold 
M = S"' satisfies ^ < i^T < 1, there exists a prime closed geodesic of elliptic-parabolic type on M. 
In [Rad4] . H-B. Rademacher proved that if a Finsler manifold M = satisfies | < K <1 

with A < 2, there exists a prime closed geodesic of elliptic-parabolic type on M. Comparing with 
their results, we can prove the following 

Theorem 1.4. Under the assumption of Theorem 1.1 and suppose the number of prime closed 
geodesies is finite. Then there exists a closed geodesic c (not necessarily to be prime) of elliptic- 
parabolic type in the sense of WTZl^ . 

Note that by Theorem 7 in |Rad4j . the existence of at least two prime closed geodesies on any 
Finsler 3-sphere {S^, F) satisfying the assumption of Theorem 1.1. Now we can prove the following 

Theorem 1.5. For every Finsler 3-sphere {S^, F) with reversibility A and flag curvature K 
satisfying (aTt) < ^ — ^j there exist at least three prime closed geodesies. 

Remark 1.6. Note that our Theorem 1.5 gives a partial result to the problem (4) in p. 156 
in [Zillj for the case. As mentioned above, there are examples with exactly four prime closed 
geodesies on the 3-sphere. In |BTZ2j . W. Ballmann, G. Thorbergsson and W. Ziller proved that for 
a Riemannian metric on S"" with sectional curvature 1/4 < K < 1 there exist g{n) geometrically 
distinct closed geodesies, and g{3) = 4. In [LoWl J. Y. Long and the author proved that for every 
Riemannian 3-sphere {M,g) with injectivity radius inj(Af) > vr and the sectional curvature K 
satisfying < K < 1 there exist at least two geometrically distinct closed geodesies. However, the 
proofs of these results relies essentially on the symmetry of the metric, hence it can not be used 
here. The method in [LoWlj works only in the study of the existence of two closed geodesies, while 
that in the present paper works for more that two closed geodesies. 

Our proof of these theorems contains mainly three ingredients: the common index jump theorem 
of Y. Long, Morse theory, and an existence theorem of N. Hingston. Fix a Finsler metric F on S*". 
Let A = A5" be the free loop space of S", which is a Hilbert manifold. For definition and basic 
properties of A, we refer readers to |Kli2j and |Kli3j . Let E{c) = ^ f^ F{c{t))'^dt be the energy 
functional on A. In this paper for k € R we denote by 

M' = {dek\E{d)<K}, (1.1) 

and consider the quotient space K/S^. Since the energy functional E is S'^-invariant, the negative 
gradient flow of E induce a flow on A/S"^, so we can apply Morse theory on A/5^. By a result of 
H-B. Rademacher in |Radl| of 1989, we get the Morse series of the space pair (A/S"^, A'^/5^) with 



3 



rational coefficients. The reason we use {A/ , / S^) instead of (A, A*^) is that the Morse series 
of the first is lacunary. 

Sections 2 to 4 are preliminary materials for our proof. In Section 2, basic properties of critical 
modules of closed geodesies are introduced, whose proofs can be found in |Rad2j and [BaLl] , In 
Section 3, Morse inequalities on the quotient space {A/ , A^ / S^) are given, whose proof can be 
found in [Radlj and |Rad2] . In Section 4, by results in |Lonl| of 2000 of Y. Long, we give the 
classification of closed geodesies on S". N. Kingston's Theorem in |Hinl| is also listed in Section 4. 

In Section 5, we establish a mean index equality when there exist only finitely many prime closed 
geodesies on (S", F). An abstract version of such an equality was established by H-B. Rademacher 
in |Rad2j . Since we need this equality with exact coefficients, we give a complete proof for it in 
Section 5. 

Based on these preparations, our Theorems 1.1-1.4 are proved in Section 6. As an application 
of these theorems, Theorem 1.5 is proved in Section 7. 

In this paper, let N, No, Z, Q, R, and C denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and complex numbers respectively. Let {p, q) 
denotes the greatest common devisor of p and (7 € N. We use only singular homology modules with 
Q-coefficients. For terminologies in algebraic topology we refer to [GrHlj . For A; E N, we denote 
by Q*^ the direct sum Q • • • © Q of A; copies of Q and Q'^ = 0. For an 5-^-space X, we denote by 
X the quotient space X/ . We define the functions 

la] = max\k G Z\k < a}, £(a) = mini A; G Z I A; > aj, 

(1.2) 

(p{a) =£{a) - [a]. 
Especially, Lp{a) = if a G Z , and (p{a) = 1 if a ^ Z . 

2 Critical modules of iterations of closed geodesies 

In this section, we will study critical modules of closed geodesic, all the details can be found in 
[Rad2] or [BiLl] . 

On a compact Finsler manifold (M, F), we choose an auxiliary Riemannian metric. This endows 
the space A = AM of i7^-maps 7 : ^ M with a natural structure of Riemannian Hilbert 
manifolds on which the group S"^ = R/Z acts continuously by isometrics, cf. [Kli2j, Chapters 1 
and 2. This action is defined by translating the parameter, i.e. 

(s-7)(t) =7(t + s) 
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for all 7 G A and s,t € S^. The Finsler metric F defines an energy functional E and a length 
functional L on A by 

^(7) = U Fm)fdt, L(7) = / Fm)dt. (2.1) 

Both functionals are invariant under the S'^-action. The critical points of E of positive energies are 
precisely the closed geodesies c : S"^ ^ M of the Finsler structure. If c G A is a closed geodesic then 
c is a regular curve, i.e. c{t) ^ for all t € 5^, and this implies that the second differential E"{c) 
of -E at c exists. As usual we define the index i(c) of c as the maximal dimension of subspaces of 
TcA on which E"[c) is negative definite, and the nullity v{c) of c so that u{c) + 1 is the dimension 
of the null space of E"{c). 

For m G N we denote the m-fold iteration map (/)™ : A ^ A by 

(/,™(7)(t) = ^(mt) V7 G A, t G 5^ (2.2) 

We also use the notation ^'"(7) = 7"^. For a closed geodesic c, the mean index is defined to be: 

i(c)= lim (2.3) 

m— >oo ui 

If 7 G A is not constant then the multiplicity 771(7) of 7 is the order of the isotropy group 
{s G I s ■ 7 = 7}- If 771(7) = 1 then 7 is called prime. Hence 7/1,(7) = m ii and only if there exists 
a prime curve 7 G A such that 7 = 7™. 

For a closed geodesic c we set 

A(c) = {7 G A I ^(7) < E{c)}. 

If A C A is invariant under some subgroup F of 5^, we denote by A/T the quotient space of A with 
respect to the action of F. 

Using singular homology with rational coefficients we will consider the following critical Q- 
module of a closed geodesic c G A: 

C,{E,c)=H,(^iA{c)[JS^-c)/S\A{c)/S^y (2.4) 

In order to relate the critical modules to the index and nullity of c we use the results of D. 
Gromoll and W. Meyer from [GrMlj . |GrM2j . Following |Rad2j . Section 6.2, we introduce finite- 
dimensional approximations to A. We choose an arbitrary energy value a > and /c G N such that 



every F-geodesic of length < \/2a/k is minimal. Then 

A(/c, a) = I7 G A I -£(7) < a and j\[i/k,{i+i)/k] is an -F-geodesic for i = 0, . . . , fc — l| 
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is a (A: • dim M)-dimensional submanifold of A consisting of closed geodesic polygons with k vertices. 
The set A{k,a) is invariant under the subgroup of S^. Closed geodesies in A'^" = {7 € A | 
E^j) < a} are precisely the critical points of E\^j^^a)^ ^^iid for every closed geodesic c € A{k, a) the 
index of (-E|A(fc,a))"(c) equals i(c) and the null space of (-E'|A(fc,a))"(c) coincides with the nullspace 
of ^"(c), cf. [Rad2], p.51. 

We call a closed geodesic satisfying the isolation condition, if the following holds: 

(Iso) For all m G N the orbit ■ is an isolated critical orbit of E. 

Note that if the number of prime closed geodesies on a Finsler manifold is finite, then all the 
closed geodesies satisfy (Iso). 

Now we can apply the results by D. Gromoll and W. Meyer [GrMlj to a given closed geodesic 
c satisfying (Iso). If m = m(c) is the multiplicity of c, we choose a finite-dimensinal approximation 
A(/c, a) C A containing c such that m divides k. Then the isotropy subgroup C S"^ of c acts 
on A{k, a) by isometrics. Let be a Zm-invariant local hypersurface transverse to • c in c € -D. 
According to [GrMlj . Lemma 1, for every such D we can find a product neighborhood B^^- x i?_ x Bq 
of E j^dimA(fe,a)-i g^^]^ that dim i?_ = i{c), dim Bq = z^(c), and a diffeomorphism 

ip : B = B+ X B^ X Bo ^ ijj{B+ x B^ x Bq) (Z D 

from B onto an open subset tI){B) C D such that V'(O) = c and V' is Zm-invariant, and there exists 
a smooth function f : Bq ^ Ti satisfying 

/'(0)=0 and r(0)=0 (2.5) 

and 

E o ip{x+,x^,xo) = [x+p - + /(xo), (2.6) 
for (x+,x_,xo) € i?+ X B^ x Bq. As usual, we call 

iV = {V(0,0,xo)|xo G Bq} 

a local characteristic manifold at c and 

U = {^(0,x_,0)|x_ G B^} 

a local negative disk at c, and U are Zm-invariant. It follows from ()2.6p that c is an isolated 
critical point oi E\n. We set A^" = A^nA(c), W = C/nA(c) = U\{c} and = DnA{c). Using 
()2.6p . the fact that c is an isolated critical point E\]\f, and the Kiinneth formula, one concludes 

H^D- U{c},D-) = H^U- U{c},U-)(SH^{N- U{c},N-), (2.7) 
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where 

f Q, if g = i(c), 

H,{U-U{c},U-) = H^{U,U\{c}) = \ (2.8) 

[ 0, otherwise, 

cf. |Rad2j ■ Lemma 6.4 and its proof. As studied in p. 59 of |Rad2j . for aU m G N, let respectively 

H,{X,A)^^- = m G H,iX,A)\n[^] = ±[e]}, (2.9) 

where T is a generator of the Z^-action. 

The following Propositions were proved in |Rad2j and [BaLlj . 

Proposition 2.1. (cf. Satz 6.11 of |R,ad2j or Proposition 3.12 of [ BaLlj ) Let c be a prime 
closed geodesic on a Finsler manifold {M,F) satisfying (Iso). Then we have 

Cg(^,c") =i7g((A(c")u5i •c™)/5\A(c")/Si 

= (//i(,™)(C/,™ U {c™}, U-^) ® Hg_i^,^){N-m U {c™}, A^,- 

(i) When u{c"^) = 0, there holds 

( Q, if i(c™) - i(c) G 2Z, and q = i(c") 
C,{E,n = \ (2.10) 
[ 0, otherwise. 

(a) When v{c^) > 0, there holds 

C,{E,c^) = //,„,(,™)(A-„ U {c™}, A-„)^(^'")2™, (2.11) 

where (5{c^) = 1 (or = —1), when i(c'") — i{c) is even (or odd). 

In order to study the degenerate part of the local critical modules, we need the following result 
which follows from Satz 6.6 of |Rad2j directly. 

Lemma 2.2. Let c be a prime closed geodesic on a Finsler manifold {M,F) satisfying (Iso). 
Then there holds 

Hq{N-rr. U {c'"}, N-r^)+^-^ = H,{N-m U {c'^j/Z^, A^'^/Z^), Vg G Z, m G N. 
We introduce the following 

Definition 2.3. Suppose c is a closed geodesic of multiplicity m{c) = m satisfying (Iso). If N 
is a local characteristic manifold at c, N~ = N f] A(c) and j G Z, we define 

kj{c) = dim Hj{N- U{c},N-), (2.12) 
kf^{c) = dim Hj{N- U{c},N-)^^"'. (2.13) 

Clearly the integers kj{c) and k^^{c) equal to when j < or j > i'{c) and can take only values 
or 1 when j = or j = i^(c). 



Lemma 2.4. (cf. Lemma 2.4 of [LoWl] ) Let c be a prime closed geodesic on a Finsler manifold 
{M,F) satisfying (Iso). 
(i) There holds 

< kfic"") < kjic""), VmGN, jGZ. (2.14) 
(a) For any m € N, there holds 

k^\cn = Hcn, k^\cn = 0. (2.15) 

(Hi) In particular, if c^ is non- degenerate, i.e. v{c^) = 0, then 

k+\c^) = k^{c^) = 1, k^\cn = 0. (2.16) 

Following the ideas of Gromoll- Meyer on the degenerate part of the critical module in Theorem 
3 of |GrM2], we have the following result. 

Proposition 2.5. (cf. Theorem 3 of }GrM2j . Section 7.1 of |Rad2j and Theorem 3.11 of [BaLlj l 

Let c be a prime closed geodesic on a Finsler manifold {M,F) satisfying (Iso). Suppose for some 
integer m = np >2 with n and p G N the nullitities satisfy 

v{c^) = u{cn. 

Then the following holds for the degenerate part of the critical module of E with coefficient Q . 

(i) For any integer j, there hold 

H,{N-rn. U {c'"}, N-m) = Hj{N^. U {c"}, iV" ), 

kjic"^) = kjic""). (2.17) 

(ii) For any integer j, there hold 

Hj{N-^U{c"'},N-^f^- = F,(iV,-;u{c"},iV-„)±2-, 

fc±i(c-) = A;±i(c"). (2.18) 

Proposition 2.6. (cf. Satz 6.13 of |Rad2j ) Let c be a prime closed geodesic on a Finsler 
manifold {M,F) satisfying (Iso). For any m £ N, we have 

(i) Ifko{c"') = I, there holds kf^{c^) = for I < j < i^i^c^). 
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(ii) Ifk+l^^{c^) = 1 or Kl^-^id^) = I, there holds kf\c^) = for < j < v{c^) - 1. 

(Hi) Ifk-j-^ic"^) > 1 or kj^{d^) > 1 for some l<j< v{d^) - 1, there holds k^^^^.^{d^) = = 

(iv) In particular, if i/{c"^) < 2, then only one of the kj{d^) 's can be non-zero. 
Proposition 2.7. Let c be a prime closed geodesic on a Finsler manifold {M,F) satisfying 
(Iso). Suppose for some integer m = np > 2 with n and p G N the nullities satisfy 

Suppose further k^(^c"^-j{c'^) = 1, then we have ky(^c"){c^) = 1- particular, we have 

kj{c^) = 0, < i < z^(c") - 1. (2.19) 



Proof. The proof follows directly from Lemma 5 of [GrMlj as well as Section 7.1 of |Rad2j . 
we now describe it briefly. Let be a Z^-invariant local hypersurface transverse to ■ c™" in 

G Dc^ as above and similarly for Dc" ■ Then the p-fold iteration map (jf maps Dc^ into Dc™ • 
Since E\Dcm is Zp-invariant, gradE{d^) is targential to the fixed point set (/f{Dcri) for d E Dc^ and 
this yields 

gTadE{dP) = (l)P{gradE{d)), ydeDc^. (2.20) 

Now the proof of Lemma 1 in [GrMlj yields that (pP embeds Nc^ into as a submanifold, where 
Nc^ and Nc^n are local characteristic manifolds at and c*" respectively. Note that 

E{^{d)) = p^E{d), yd G Ncn. (2.21) 

By Corollary 8.4 of [MaWlj . kyi^c"^^{c^) = 1 if and only if c'" is a local maximum of E in Nc^. This 
together with (|2.2ip imply that c" is a local maximum of E in too. Hence we use Corollary 
8.4 of [MaWl] again to obtain the proposition. | 

3 The structure of //,(A5"^, A°5"^; Q) 

In this section, we briefly describe the relative homological structure of the quotient space A = AS". 
Here we have a'^ = a'^S'" = {constant point curves in S*"} = S"^. 

Theorem 3.1. (H.-B. Rademacher, Theorem 2.4 and Remark 2.5 of [Radlj ) We have the 
Poincare series 
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(i) When n = 2k + \ is odd 



— — 1 

P(A5",A"5")(t) = j + 



1 - t2 1 _ t^~i 

1 - t2 + 1 _ t2fc 



i^'^fA. + T^^V (3.1) 



T/itis /or g G Z and I G Nq, we have 



'2, if {4A; + 2/, / = mod fc}, 

< 1, i/ g G {2A;} U {2k + 21, 1^0 mod A;}, (3.2) 
, otherwise. 



(ii) When n = 2k is even 



_ _ 1 p(m+l)-2 \ -I _f 



1 - t2 1 _ ^n(m+l)-2 / I - f"- 

where m = 1 by Theorem 2.4 of IRadl]/ . Thus for g G Z and I G Nq, we have 

bq = bgi'AS^XS'') 

= ranklfg(A5",A°5") 

2, if qe {6k -3 + 21, 1 = mod 2A; - 1}, 

1, if qe {2k - 1} U {2A; - 1 + 2/, 1^0 mod 2k - 1}, (3.4) 

otherwise. 
We have the following version of the Morse inequality. 

Theorem 3.2. (Theorem 6.1 of |Rad2j ) Suppose that there exist only finitely many prime closed 
geodesies {cj}i<j<p on {M,F), and < a < b < oo are regular values of the energy functional E. 
Define for each q ^7j, 

Mq{K\T) = rankCg{E,cf) 

l<i<P, a<E{cf)<b 

bq(lv = rankifg(A'', a"). 



Then there holds 



Mq(K\T) - Mq.,(A\T) + --- + {-i)mo(A\T) 

> bq(A\T) - bq-i(A\T) + ■■■ + {-l)%o(^'X), (3.5) 
Mg(K\T) > b,{K\T). (3.6) 
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4 Classification of closed geodesies on S'^ and existence theorem 

Let c be a closed geodesic on a Finsler n-sphere = (5"", F). Denote the linearized Poincare map 
of c hy Pc (z Sp(2n — 2). Then Pc is a symplectic matrix. Note that the index iteration formulae 
in [Lonlj of 2000 (cf. Chap. 8 of [Lon2j ) work for Morse indices of iterated closed geodesies (cf. 
|LLol| . Chap. 12 of |Lon2] ). Since every closed geodesic on a sphere must be orientable. Then 
by Theorem 1.1 of [Liulj of C. Liu (cf. also [Will] ), the initial Morse index of a closed geodesic 
c on a n-dimensional Finsler sphere coincides with the index of a corresponding symplectic path 
introduced by C. Conley, E. Zehnder, and Y. Long in 1984-1990 (cf. |Lon2j ). 

As in §1.8 of |Lon2j . define the homotopy component O'^(Pc) of Pc to be the path component 
of i^{Pc), where 

n{P^) = {N e Sp{2n - 2) I (t{N) nU = a{Pc) n U, and 

i^x{N) = uxiPc) VA G aiPc) n U}. (4.1) 

The next theorem is due to Y. Long (cf. Theorem 8.3.1 and Corollary 8.3.2 of [Lon2] ) . 

Theorem 4.1. Let 7 G G C{[0,t], Sp{2n)) \ ^(0) = /}, Then there exists a path f G 
C([0,l],J]°(7(r)) such that /(O) = j{t) and 

/(I) = 7Vi(l, 1)^^^- o hpo o N,il, o iVi(-l, 1)0'?- o (-/2go) o A^i(-1, -1)"''+ 
oR{ei) o ■ ■ ■ o R{9j.) o N2{uJi,ui) o ■ ■ • o iVa (w^. , J 

0iV2(Al, t^l) O • • • O N2{Xro,Vro) <> Mq (4.2) 

where N2{uJj,Uj)s are non-trivial and N2{Xj,Vj)s are trivial basic normal forms; (t(Mo) D [/ = 0; 
P-, po, p+, q-, qo, q+, r, r* and ro are non-negative integers; ojj = e^^"^ , Xj = e^^~^^^ ; 6j, aj, 
Pj G (0,7r) U (vr, 27r); these integers and real numbers are uniquely determined by j{t). Then using 
the functions defined in li.^j) . 



i(7, m) = rn{i{j, 1) + + po - r) + 2 £" 



mt 



2tt 



r -p^ -po 



l + (-l)'", , /ma,\ , , 
V^^^° + g+) + 2 ( 5] ) - ^* I • (4-3) 

1 + (-1)"^ 

1/(7, m) = z/(7, 1) + ^ ^ ^ ^ ^ 
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i(7,l) =i(7,l)+P-+Po-^ + ^— ■ (4.5) 

/I ±1\ /-I ±1\ /cos6l -sm6'\ 

W^/iereiVi(l,±l) = ,Afi(-l,±l)= K ^(^?) = ,iV2(^,6) = 

VO 1 / V -1/ Vsin^ COS0 / 

(R(Q) h \ (hx h2\ 

wzi/i some 6* e (0, 7r)U(7r, 27r) and 6 = e R^^^, suc/i t/iat (62-^3) sin 6^ > 

V R{Q)) \h bj 

0, if N2{uj,b) is trivial; (62 — 63) sin < 0, if N2{uj,b) is non-trivial. We have ^(7, 1) is odd if 
f{l) = Ni{l,l), I2, Nii-1,1), -I2, Ni{-1,-1) andR{9);iij,l) is evemf fil) = Ni{l, -1) and 
N2{u!,b); i(7, 1) can be any integer ifa{f{l)) n U = 0. 

We will use the following theorem of N. Hingston in the S"' case below. Note that the proof of 
N. Kingston's theorem does not use the special properties of Riemannian metric, hence it holds for 
Finsler metric as well. 

Theorem 4.2. (Follows from Proposition 1 of [Hinlj . cf. Lemma 3.4.12 of [Kli3]) Let c be a 
closed geodesic of length L on a Finsler n-sphere 5" = {S"',F) such that as a critical orbit of the 
energy functional E on A5", every orbit ■ c™ of its iteration c™ is isolated. Suppose 

i(c") + z^(c™) <m(i(c) + z^(c))-(n-l)(m-l), Vm e N, (4.6) 
Kic){c)^0. (4.7) 

Then has infinitely many prime closed geodesies. 

Note that in (j4.7p . we have used the Shifting theorem in |GrMl] . Especially, (j4.7p means that 
c is a local maximum in the local characteristic manifold A'^r- at c. 



5 A mean index equality on (5", F) 

In this section, suppose that there are only finitely many prime closed geodesies {cj}i<j<p on 
{S'^,F) with i{cj) > for 1 < j < p. We establish an equality of cjs involving their mean indices. 

Definition 5.1. Let M = (M,F) be a compact Finsler manifold of dimension n, c be a prime 
closed geodesic on M satisfying (Iso). For each m G N, the critical type numbers of c^ is defined 
by the following 2n — 1 tuple of integers via Definition 2.3 

K{cn = {k^oin,k^iin,---,kL-2in) 

= {k^o^''"'\cn, A^f ^'"^(c"), . . . , fcff;::}(c"), 0, . . . , 0), (5.1) 

where j3 = I3{c^) = (— 1)*('^'")~*('^) . We call a prime closed geodesic c homologically invisible if 
K{c"^) = for all m and homologically visible otherwise. 
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As Lemma 2 of [GrM2| . we have 

Lemma 5.2. Let c be a prime closed geodesic on a compact Finsler manifold (M, F) satisfying 
(Iso). Then there exists a minimal T{c) G N such that 

i.(cP+^W) = u{cP), i(cP+^(^)) - i{cP) € 2Z, Vp G N, (5.2) 
if(cP+^W) = E:(cP), VpGN. (5.3) 

VFe ca// T{c) the minimal period of critical modules of iterations of c. 

Proof. Denote the hnearized Poincare map of c by Pc : R^^""!) ^ R^C"-!). Then P^ IS a 
symplectic matrix. Denote by Aj = ea;p(ib27r^) the eigenvalues of Pc possessing rotation angles 
which are rational multiple of vr with r^, Sj S N and (rj,Sj) = 1 for 1 < i < (7. Let T(c) be the 
least common multiple of si, . . . , Sg. Then the first equality in (j5.2p holds. If the second equality in 
(j5.2p does not hold, replace r(c) by 2r(c). Then the later conclusion in (j5.2p follows from Theorem 
9.3.4 of [L5^l2] . 

In order to prove (j5.3p . it suffices to show 

^(^m+gT(c)) = Kic""), Vg € N, 1 < m < r(c). (5.4) 

In fact, assume that (|5.4p is proved. Note that (j5.3p follows from (|5.4p with q = 1 directly when 
p < T{c). When p > T{c), we write p = m + qT{c) for some g G N and 1 < m < r(c). Then by 
(|5.4p we obtain 

K(cP+^W) = K(c'"+(9+i)^(^)) = i^(c™) = i^(c'^+'?^(^)) = K(cP), 

i.e., (fOj) holds. 

To prove (|5.4p . we fix an integer m € [l,r(c)]. Let 

A = {sj G {si, . . . , Sq} I Sj is a factor of m}, 

and let mi be the least common multiple of elements in A. Hence we have m = mim2 for some 
m2 G N and v{c^) = v{c^^). Thus by Proposition 2.5 we have fep (c™) = (c™^). Since 

m + pT{c) = niim-^ for some G N, we have by Proposition 2.5 that > (^q^+p-^ (c)'^ = 

^/3(c'"+f^^('=))^^„^^^ By (152D, we obtain /3(c"'+p^W) = /3(c'^), and then ([531) is proved. This com- 
pletes the proof. | 
Definition 5.3. The Euler characteristic xlc™") of c^ is defined by 



Y,{-lfd\n,C,[E,c^). (5.5) 

q=0 
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Here -B) denotes the usual Euler characteristic of the space pair {A,B). 
The average Euler characteristic x(c) of c is defined by 

X{c) = lim 1 Xin- (5.6) 

The following remark shows that x{c) is well-defined and is a rational number. 
Remark 5.4. By (jS.Sp . we have 

oo 2n~2 

Xic"") = ^(-l)'?dimCg(^,c'") = ^ (-l)^('='")+'fcf^''"^(c"*). (5.7) 

(J=0 i=0 



Here the second equality follows from Proposition 2.1 and Definition 5.1. Hence by (j5.6p and 
Lemma 5.2 we have 

X(c) = lim - y (-l)^('='")+'A;f(^'")(c™) 

0<!<2n-2 

\ l<m<T(c), 0<i<2n-2 
0<p<s 

= i-^f'^^'-'kr\n = ^^ E X(c-). (5.8) 

v'-'' l<m<T(c) '^''^ l<m<T(c) 

0<i<2n-2 

Therefore x(y) is well defined and is a rational number. 

Let {X,Y) be a space pair such that the Betti numbers 5j = bi{X,Y) = dimHi{X,Y;Q) are 
finite for all i € Z. As usual the Poincare series of (X, Y) is defined by the formal power series 
P{X,Y) = Yld^o^i'^'' ■ Suppose there exist only finitely many prime closed geodesies {cj}i<j<p and 
satisfy i{cj) > for 1 < j < p on {S^,F). The Morse series M{t) of the energy functional E of 
the space pair {AS^ / , / S^) is defined as usual by 

M{t)= E dimCgiE,cf)t'^. 

q>0, m>l 
l<j<p 

Then Theorem 3.2 yields a formal power series Q{t) = J2'^o ^i^^ with nonnegative integer coefficients 
Qi such that 

M{t) = P(A5"/5\ A°5"/5i)(t) + (1 + t)Q{t). (5.9) 

For a formal power series R{t) = X)i^o^«**' denote by i?"(t) = X]r=o n G N the corre- 
sponding truncated polynomials. Using this notation, (j5.9p becomes 



{-lYqi = M\-l)- P\-l), VI GN. (5.10) 
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By Satz 7.8 of |Rad2j we have 



lim \p^{AS''/S\A°S'yS'^){-l) 
= B{n,m) 

{—m(m+l)n 
2n(Ui)U ^ ^ e^;en, ^^^^^^ 
2^ n odd, 

where m = 1 by Corollary 2.6 of |Radl| . 

The following consequence of an important result by H.-B. Rademacher (Theorem 7.9 in |Rad2j ) 
is needed in Sections 6 below. Here we have derived precise dependence of coefficients on prime 
closed geodesies in the mean index equality in Theorem 7.9 of |Rad2| . This precise dependence is 
also crucial for our proofs in Sections 6 below. 

Theorem 5.5. Suppose that there exist only finitely many prime closed geodesies {cj}i<j<p 
with i{cj) > for 1 < j < p on (S"", F). Then the following identity holds 

Y: i^ = B{n,l). (5.12) 

Proof. Because dimCq{E, c™) can be non-zero only for q = i{dp) + I with < / < 2n — 2 by 
Proposition 2.1, the formal Poincare series M{t) becomes 

sT+m 

M{t)= J2 k^{c'p)f^^T)+^ = k^ic'fY^"^ (5.13) 

l<i<p, 0<i<2ii-2 l<j<P, 0<!<2n-2 

m>l l<m<Tj , s>0 

where we denote by Tj = T{cj) for 1 < j < p. The last equality follows from Lemma 5.2. Write 
= T.h=o Wht^- Then we have 

= E A:f(cJ^)#{s G No h(cf +"') + / = M- (5.14) 

1<3<P, 0<I<2n-2 
l<m<Tj 

Claim 1. {wh}h>Q is bounded. 
In fact, we have 



#{sGNo I i{cf + I = h} 



3 

*{s G No I i(cf^+'") +l = h, |i(cf^+'") - {sT. + m)i{c.)\ < n - 1} 



< *{s eNoWh-l - {sTj + m)i{cj)\ < n - 1} 



# <^ s G N, 



*0 



h — I — {n — 1) — mi{cj) ^ — I + {n — 1) — mi{cj) 



Tji{cj) Tji{cj) 



2(n - 1) 
< + 1, 

Tji{cj) 
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where the first equahty follows from the fact \i{c^) 
Hence Claim 1 holds. 

We estimate next M^(— 1). By (jS.Sp we obtain 



mi 



c)| < n - 1 (cf. Theorem 1.4 of IRadlQ . 



h=0 

E 



-1) 



y;{cj) *{s G No I i(cf^+'") +/</}. (5.15) 



l<j<p, 0<i<2n-2 
l<m<T, 



Here the latter equality holds by Lemma 5.2. 

Claim 2. There is a real constant C > independent of I, but depend on Cj for 1 < j < p such 
that 

I 



M^(-l) 



j: i-if^T^^kficf) 



l<j<p, 0<l<2n-2 
l<m<T, 



Tji{cj) 



<C, 



(5.16) 



where the sum in the left hand side of 115. 1 6]) equals to IJ2i<j<p ( 15. 8\) 



In fact, we have the estimates 



) + l<I} 



= *{s G No I i(cf^+") +1<I, |i(cf^+") - {sT, + m)i(c,)| < n - 1} 

< *{s G No I < {sTj + m)^(cj) < / - / + (n - 1)} 

/ — / + (n — 1) — mi{cj) 1 



# <^ S G Nn 



< s < 



I - / + (n - 1) 
< + 1. 

Tji{cj) 



On the other hand, we have 
#{sGNo ' 



) + /</} 



> *{s G No I i{cY'~^"') < {sTj + m)i(cj) + n - 1 < I - 1} 



{s G No I i{cf'^"')+l< I, \i{cr 

sTj+m 



{sTj + m)i{cj)\ < n — 1} 



> # <^ s G Nn 



< s < 



I — I — (n — 1) — mi{cj) 



Tji{cj] 



I -l-(n-l) 
> ^-^ - 2, 

Tji{cj) 

where m < Tj is used. Combining these two estimates together with (|5.15p . we obtain (j5.16p . 

By Claim 1, the sequence {wh}h>o is bounded. Hence by (j5.9p . the coefficient sequence {qh}h>o 
of Q{t) is bounded. Dividing both sides of (|5.10p by /, and letting / tend to infinity, together with 
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Claim 2 and (jS.lip we obtain 



lim \m^{-1) = lim \p^{-l) = B{n,l) 



Hence (|5J2]l holds by ([536]) . 



6 Stability of closed geodesies on (S"", F) 

In this section, we give the proofs of Theorems 1.1, 1.2 and 1.4 by using the mean index identity 
in Theorem 5.5, Morse inequality and the index iteration theory developed by Y. Long and his 
coworkers. 

In the following for the notation introduced in Section 3 we use specially Mj = Mj(A5", A S") 
and hj = 6j(A5", S"") for j = 0, 1, 2, . . .. 

Proof of Theorem 1.1. First note that if the flag curvature K of {S'"',F) satisfies (aTt) < 
K <1, then every nonconstant closed geodesic must satisfy 

i{c)>n-l. (6.1) 

This follows from Theorem 3 and Lemma 3 of |Rad3| . Now it follows from Theorem 2.2 of [LoZl] 
(Theorem 10.2.3 of [Lon2]) that 

i(c'"+^) - ^(c'") - > i{c) - > 0, Vm G N. (6.2) 

Here the last inequality holds by (j6.ip and the fact that e(Pc) ^ 2(n — 1). 

Next we prove the theorem by showing that: If the number of prime closed geodesies is finite, 
then there must exist at least one elliptic closed geodesic whose linearized Poincare map has at 
least one eigenvalue which is an irrational multiple of vr. 

In the rest of this paper, we will assume the following 

(F) There are only finitely many prime closed geodesies {cj}i<j<p on (S"", F). 

The proof contains two steps. In the first step, we prove the existence of at least one elliptic 
closed geodesic. In the second step, we use Theorem 4.2 and the ideas of step 1 to complete the 
proof of the theorem. 

Step 1. Claim: Under the assumption (F), there must exist at least one elliptic closed geodesic. 
We prove it by contradiction, i.e., suppose that e{Pcj) < 2n — 2 for 1 < j < p, where Pc^ denotes 
the linearized Poincare map of Cj. Since e(Pcj ) is always even, we have 

e(-Pc,) < 2n-4, 1 < j < p. (6.3) 
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Note that by (j6.ip and (j4.5p . we have i{cj) > for 1 < j < p. Actually, we have i{cj) > n — 1 
for 1 < j < p under the pinching assumption by Lemma 2 of |Rad4j . Hence we can use the 
common index jump theorem (Theorem 4.3 of [LoZlj . Theorem 11.2.1 of [Lon2] ) to obtain some 
{N,mi,... , rup) G NP+^ such that 

e(Pc,) 



(6.4) 

(6.5) 
(6.6) 



i(cp"^^) = 2A^ + i(cj-)- 

Moreover G Z, whenever e^'^^^ € o"(Pcj) and ^ G Q. More precisely, by Theorem 4.1 of [LoZlj 
(in (11.1.10) in Theorem 11.1.1 of |Lon2| . with Dj = i{cj), we have 

(\ ^ " 

nij = — 

where = or 1 for 1 < j < p and G Z, whenever e^'^^ G a{Pcj) and ^ G Q for some 
1 < J < P- Furthermore, by (11.1.20) in Theorem 11.1.1 of |Lon2| . for any e > 0, we can choose 
and {Cj}i<j<p such that 



+ 6 M, l<j<p, 



(6.7) 



N 



N 



Mi{cj) [Mi{cj) 
Now by (^Jij-i^M), we have 



< e < 



l + Ei<j<p4M|x(c,)| 



^(c^^^O + ^^(^^"0 < 2A + n-2, 

i{cf) > 2A + n - 1, Vm > 2mj 



, 1 < j < p. 



By Theorem 5.5 and (|5.1ip . we have 



Y: l^=S(n,l)GQ. 



ill 
i(c,) 



(6.8) 

(6.9) 
(6.10) 
(6.11) 

(6.12) 



Note by the proof of Theorem 4.1 of [LoZlj (Theorem 11.1.1 of |Lon2j ). we can require that A G N 
further satisfies (cf. (11.1.22) in |Lon2j ) 



2NB{n,l) G Z. 



Multiplying both sides of (f02]) by 2A yields 



(6.13) 



(6.14) 
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Claim 1. We have 



In fact, by (j6.12p . we have 

2NB{n,l) 
^ 2Nx{cj) 

^<j<p ^^^^^ 

= E 2x(c,) 
i<i<P 



E 2mjx{cj)=2NB{n,l). 

i<j<p 



N 



_Mi{cj) 

2mjxicj)+ E 2Mx(c,)6,. 

i<j<p i<i<p 

By Lemma 5.2 and our choice of M, we have 

2m 



N 



Mi{cj)_ 



T{cj) 

Hence (jS.Sp imphes that 



G N, 1 < j < p. 



2mjx{cj) G Z, 1 < j < p. 

Now Claim 1 fohows by §M), (|6l^ and ([638]) . 

Claim 2. M^e /laue 

5] 2m,x(c,) = Mo - Ml + M2 - • • • + (-l)2^+"-2M2iv+n-2. 
i<j<P 

In fact, by definition, the right hand side of (|6.19p is 



RHS= i-iy dim Cq{E,cf). 



q<2N-\-n-2 
m>l, l^J^p 



By (|6.9p - (|6.1ip and Proposition 2.1, we have 



RHS = Y i-iy dim Cq{E,c'p 



l<j<f), l<m<2m^- 
q<2N+n-2 

E xicn 

l<J<p, l<m<2mj 

where the second equality follows from ()5.7p . (I6.9|) - (l6.10p and Proposition 2.1. 
By Lemma 5.2, ([STTD-dSS]) and ([UTTp . we have 

E xicf) = E x(cf^^^-^^"^) 

0<3<2mj /T(cj) 
l<m<T(cj) 

2TTlj , 

l<m<T{cj) 

= 2mjx(cj), 
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This proves Claim 2. 

In order to complete Step 1, we have to consider the following two cases according to the parity 
of n. 

Case 1. n = 2A; + 1 is odd. 
In this case, we have by (15.1111 

B{n,l) = ^±l-=^-±l. (6.24) 
^ ' ^ 2(n-l) 2fe ^ ^ 

By the proof of Theorem 4.1 of [LoZlj (Theorem 11.1.1 of [Lon2| ) . we may further assume N = mk 
for some m G N. 

Thus by (lUT^ . (lUT^ and dSTM]) . we have 

M0-M1+M2 + (-l)2^+"-2M2jv+n-2 = ni{k + 1). (6.25) 

On the other hand, we have by (|3.2p 

60 - 61 + 62 - • • • + (-l)2^+"-'627V+n-2 
= &2fc + (^2fc+2 + ■ ■ ■ + bik-\ + ^'2mfc+2 H + b2mk+2k) — &2mfc+2A: 

1 + m(A; - 1 + 2) - 2 

m(A; + l)-l. (6.26) 

In fact, we cut off the sequence {62fc+2) • • • > ^2rrtfc+2fc} into m pieces, each of them contains k terms. 
Moreover, each piece contain 1 for k — 1 times and 2 for one time. Thus (j6.26p holds. 
Now by Theorem 3.2 and (j6.26p . we have 

-mik + 1) = M2N+n-2 - M2N+n~3 + ■ ■ ■ + Ml - Mo 
> b2N+n-2 — b2N+n~3 + ■ ■ ■ + bi — bo 

= -(m(fc + 1) - 1). (6.27) 

This contradiction yields Step 1 for n being odd. 
Case 2. n = 2k is even. 
In this case, we have by (j5.1ip 

As in Case 1, we may assume = m{2k — 1) for some m G N. 
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Thus by (l6lB . HiGAM and dOH]) . we have 

Mo - Ml + M2 + {-lf^+''-^M2N+n-2 = -2mk. (6.29) 

On the other hand, we have by (j3.4p 



bo-h + b2---- + (-l)2^+"-262^+„-2 

= -hk-l - {hk+l H 1- hk-S H 1- &(m-l)(4fc-2)+2fc+l H 1- bm(4k-2)+2k-l) 

+^m(4fc-2)+2A:-l 

= -1 - m(2A; - 2 + 2) + 2 

= -2mk + 1. (6.30) 

In fact, we cut off the sequence {62^+1 ) • • • i ^m(4A;-2)+2fc-i} ii^to m pieces, each of them contains 
2k — 1 terms. Moreover, each piece contain 1 for 2A; — 2 times and 2 for one time. Thus (j6.30p 
holds. 

Now by (j6.29p - (j6.30p and Theorem 3.2, we have 

- 2mk = M2N+n-2 - M2N+n-3 + ■ ■ ■ + Mi - Mq 
> b2N+n-2 — b2N+n~3 H + ^1 — &0 

= -2mA: + 1. (6.31) 

This contradiction yields Step 1 for n being even. 

Step 2. Under the assumption (F), there must exist one elliptic closed geodesic whose linearized 
Poincare map has at least one eigenvalue which is of the form exp(7ri/i) with an irrational fi. 

In fact, we shall prove a more stronger result. Denote by {Pcj}i<j<p the linearized Poincare 
maps of them. Suppose {Mcj}i<j<p are the basic normal form decompositions of {Pcj}i<j<p in 
{Q,^{Pc-)}i<j<p as in Theorem 4.1. Then we have the following 

Claim 3. There must exist d S {cj}i<j<p such that the following hold: 

(i) e{Pd) = 2n — 2, i.e., d is elliptic. 

(a) Mci does not contain A^i(l,l)s, A^i(— 1,— l)s and nontrivial N2{to,b)s. 

(Hi) Any trivial N2{iO,b) contained in must satisfies ^ £ Q, where lo = e^'^^. 

(iv) If contains R{0) for some ^ ^ Q, then M^i does not contain R{2it — 6). 

(v) k^'^'^j,(j-^}^{d?"^'^^) 7^ 0. Hence clF^'^^ is a local maximum of the energy functional in the local 
characteristic manifold at d'^^'^^ . 

(vi) Md must contain a term R{9) with ^ ^ Q. 
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In fact, we first show that there must exist d satisfying (i)-(iv). Suppose none of the closed 
geodesies in {cj}i<j<p satisfies all of (i)-(iv). Then as in Step 1, we obtain some (A^, mi, . . . , nip) £ 
NP+i such that ([631)- ([ESD hold. 

By Step 1, we have found an elliptic closed geodesic c for which (j6.3p does not hold anymore. 
Our following argument is to find other conditions to replace ()6.3p . then use the proof of Step 1. 

From (lOD and ((631) -(ESI), we have 



^(cfO + KcrO < i(cf^+')-i(c,) + ^, (6.32) 

e(Pc) 

= 2N + ^^, l<j<p. (6.33) 

Now if Cj does not satisfy all of (ii)-(iv), then by the proof of Theorem 2.2 in [LoZlj . The strict 
inequality in (|6.32p must hold. In fact, (ii) follows from Cases 1, 3, 7 and (iii) follows from Case 8 
of Theorem 2.2 in |LoZl| respectively. Hence we only need to check the case (iv). As in the proof 
of Theorem 2.2 in [LoZlj . it suffices to show that 

t/(7, m) — ^ ^ < i(7, m + 1) — m) — 1), Vm G N, (6.34) 

when M = 7(r) = R{e) o R{2-k - 9) with f ^ Q. By Case 6 in P.336 of [LoZlj and the symplectic 
additivity of indices and nullities, we have 

X e(M) fm9\ fm(2Tr-9)\ 
^{l^ - = 2 - 299 ( — ) - 2(^ ( ] = -2. (6.35) 

On the other hand, we have 



2 \2tt J V 27r 



i(7, m + 1) — i{-y, m) — ^(7, 1) 



2-K J \ 27r 



27r y V 27r 
0. (6.36) 

In the last equality, we have used the fact that E[a) +E{—a) = 1 whenever a G (0, +00) \Z. Hence 
(|6.34p is true. Now (I6.9p - (l6.1ip still hold. Hence the same proof as in Step 1 yields a contradiction. 

We then show that there must exist d satisfying (i)-(v). Suppose none of the closed geodesies 
in {cj}i<j<p satisfies all of (i)-(v). Then it is easy to see that (|6.15p . (|6.19p - ()6.23p still hold. In 
fact, we only need to check (|6.22p . We have 

Cq{E, cf) = Vm<2mj, q>2N + n-l, 1 < j < p, 
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which fohows easily from Propositiom 2.1, (j6.2p and (11.2.4) in Theorem 11.2.1 of |Lon2] 

.^^2m,-i^ + u{cp-^) =2N- {i{cj) + 2S+^ (1) - i^icj)) < 2N, 

where we have used (|6.1|) and the fact that 2Sp (1) — i^(cj) > — (n — 1), which follows from (15.4.21) 
in p.340 of [Loii2] . This yields (|6:22]) . 

Thus the same proof as in Step 1 yields a contradiction. 

At last we prove that there must exist d satisfying (i)-(vi). Suppose none of the closed geodesies 
in {cj}i<j<p satisfies all of (i)-(vi). Then by the above argument, we assume Cj for some 1 < j < p 

Tic) 

satisfies all (i)-(v) but not (vi). We consider g = c- . Then by (i)-(iii) and the assumption, Pg 
can be connected in Q^{Pg) to /2p[, <^Ni{l, —1)*^+ with p'^ = n — 1 as in Theorem 4.1. In fact, 
by (i)-(iii) in Claim 3 and the assumption, the basic normal form decomposition (j4.ip in Theorem 
4.1 becomes 

Mc^ = hp, o iVi(l, -1)^^+ o iVi(-l, 1)^^- o i-hgo) 

oR{9i) O ■ ■ ■ O R{9r) O N2{Xl, Vi) O ■ ■ ■ O N2{Xto, Vro) 
■ 3 ■ 

together with ^ € Q for 1 < j < r, G Q for 1 < j < ro and po + p+ + q- + qo + r + 2ro = n — 1. 
By Lemma 5.2, we have '^^^^^^ G Z, '^^^2^^^ S Z and 2\T{cj) whenever —1 € a{Mcj). Hence 
i?(6»j)'^fe) = /2, N2{Xj, t;j)^(^^) can be connected within n^{N2{Xj, Wj)^^^^)) to Ni{l, -1)^^ 
(_/2)^fe) = I2, Ni{-1, 1)^(^^) can be connected within 17°(iVi(-l, 1)^^'=^)) to Ni{l, -1) whenever 
— 1 G a{Mcj). Thus p'q = po + Qo + r and p'_^ = p+ + q- + 2ro and then Pg behaves as claimed. 
Now by Theorem 4.1, we have 

i{gn = m{i{g)+p'o)-p'o, v{g"')^2p'^+p'^. Vm € N. (6.37) 

Hence 

Kg"^) + y^g"^) = m{i{g) +p'o) +p'o Vm e N. (6.38) 

On the other hand 

m{i{g) + v{g)) - (n - l)(m - 1) 
= m{i{g) + 2po + p+) - (p'o + p+){m - 1) 

m(i(5) +p'o) +p'o+pV- VmeN. (6.39) 

By Lemma 2.4 and (v), we have 

T(c ■ ) 

Kig){g) = k ^ n.^ic]^"^^) > k%'M^''^^) + 0. (6.40) 
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Hence we can use Theorem 4.2 to obtain infinitely many prime closed geodesies, which contradicts 
to the assumption (F). This complete the proof of Step 2. | 
Proof of Theorem 1.2. Suppose d G {cj}i<j<p is a closed geodesic satisfying (i)-(vi) of Claim 
3 above. Then we have the following 

+ z^(d") - i{d) - v{d) G 2Z, Vm G N. (6.41) 

One can prove this by verifying each basic norm form in the decomposition of Af^, then using the 
symplectic additivity of indices and nullities to obtain ()6.4ip . Here we omit the details. 
By (v), we have A:^|^y|^jj'((i^('^)) ^ 0. Hence by Lemma 2.4 and Proposition 2.7, we have 

Ki,n.^){d'^'^) > k^j^l^y^'y) = h (6.42) 

0< A;fgrj((i'") < A:,(d™)(d'") = l, Vm G N, (6.43) 
< k^^'^"^\d"') < A:/(d™)=0, VO < / < i/(d"^) - 1, m G N. (6.44) 

Note that in order to get (j6.43p and ()6.44p , we have used the same argument as in the last paragraph 
in the proof of Lemma 5.2. 



By (|5.8p . we have 



m = E {-if'"'^^'kf^'"'\n (6.45) 

^ y"-) l<m<T(d) 



0<i<2n-2 



^ ' l<m<T(d) 

= ^ Ld) ^ ''uiU^dn (6.47) 

^ ' l<m<T(d) 

^ 0. (6.48) 

Here to get (fOel) . we have used (fOip . To get (fOTp . we have used ([OTD . To get dElS]), we have 
used (j6.42p and (|6.43p . Note that B{n,l) G Q. Hence the theorem follows easily from (vi) of Claim 
3, Theorem 4.1 and Theorem 5.5. I 

Proof of Theorem 1.4. Suppose d G {cj}i<j<p is a closed geodesic satisfying (i)-(vi) of Claim 
3 above. Suppose ujf"^, ■ ■ ■ ,uj^^ with Wi = e^^~^^' are those eigenvalues of Pd that satisfy ^ ^ Q 
for 1 < i < r. Then we have 

Claim 4. There exists M G Sp(2n — 2) such that 

MPdM-^ = R{6i) 0---0 R{6r) o Mq, (6.49) 
with Oi = 0i orl-K -Oi forl<i<r and a{Mo) C U n {e^^ I f ^ Q}- 
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In fact, by Theorem 1.6.11 of [Lon2j . we have Afi E Sp(2n — 2) such that 

MiPdMfi = 5io...oS„,o5o, (6.50) 

with So G Sp(2A;o) with ko > and loi ^ cr{So), ki > 1 and Si € Sp{2ki) is of the normal form 
Nk.{Xi, hi) with Aj = u)i or lo]^"^ defined in Section 1.6 of |Lon2j . 

Then by Case 3 and 4 in Section 1.8 of [Lon2] . if fcj > 3 for some 1 < i < mi, then Si can 
be connected within ^^{Si) to Si with e{Si) < e{Si). This contradicts to (i) of Claim 3. Hence 
Si = Ni.{\i,bi) for = 1 or 2 and 1 < i < mi. We next prove that li = 1 for 1 < i < mi. 
Suppose li = 2 for some i. Then by (ii) and (iii) of Claim 3, Si is not a basic normal form, hence 
Si G Ml^{4:). By Case 4 of [Lon2j . S'j can be connected within ^}^{Si) to i?(u;i) o i?(27r - tJi). This 
contradicts to (iv) of Claim 3. Now (j6.50p becomes 

MiPrfMf 1 = Rieif""' o So, (6.51) 

with 9i = Oi or 27r — ^i. We continue the above argument for at most r times and then obtain 
(I6.49p . This proves Claim 4. 

At last, let g = (f"^'^\ Then it is easy to see that g is of elliptic-parabolic type. In fact, we have 

MP^T(d)M~^ = {MPdM'^ f^'^^ = R{T{d)9i) o • • • o R{T{d)9r) o M^'-'^^ 

while by the proof Lemma 5.2, all the eigenvalues of Mq^'^^ equal to 1. Hence Theorem 1.4 holds 
by the definition of elliptic-parabolic type. I 

7 Existence of three closed geodesies on (5^, F) 

In this section, we give a proof of Theorem 1.5 based on the results in the previous sections. 
Firstly by Lemma 2 of |Rad4j . we have the following 

Lemma 7.1. Suppose the Finsler 3-sphere (5^, F) with reversibility X and flag curvature K 
satisfies (aTt) < K <1. Then every closed geodesic c on {S^, F) has mean index i{c) > 2. 

Remark 7.2. Note that by Theorem 4.1, the index iteration formulae of A'^i(l, 1) and I2 
coincide and both can be viewed as a rotation matrix R{9) with 9 = 2tt. Similarly A^i(— 1, —1) and 
—I2 can be viewed as a rotation matrix R{9) with 9 = tt. Hence in the following, we only consider 
the case R{9) with 9 S (0, 2tt], the same proof still works for A'^i(l, 1) and A'^i(— 1, —1). 

Lemma 7.3. Under the assumption of Lemma 7.1, suppose Pc can be connected within Q,^(Pc) 
to Mc as in Theorem 4-1 with Mc = R{9i) o R{92) with 9j G (0, 27r] for j = 1,2. Then we have the 
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following 

i{c"'+'3) > lie"") + 2, Vm G N, g > 2. (7.1) 

Proof. By Theorem 4.1, we have 

i{c"') = ni{i{c) -2) + 2£ (^^^ + 2£ (^^^ - 2, Vm G N, (7.2) 

with Oj G (0, 2tt] for j = 1, 2 and i(c) G 2N. 

Now if i{c) > 4, the lemma is obvious by (j7.2p . 
Next consider the case i(c) = 2. We have 

^(0 = 2^(^)+2^(^)-2, Vn.GN, (7.3) 

By Lemma 7.1, we have 

i(c) = ^ + ^ > 2. 
vr vr 

Hence with out loss of generality, we may assume ^ > 1. Thus we have 

i{c-+n = 2g(^"^/^^^)+2g(^"^+/^^^)-2 
> 2£(^ + ^-l-]+2£^'^^' 



\ 2-7r vr / \ 27r 

> 2^ — ^ + 2^ ' 



27r / V 27r 

for p > 2. Note that in the second inequality above, we have used the fact that £{a + b) > £{a) + 1 
for any a G R and 6 > 1. Hence the lemma holds. I 
Lemma 7.4. Under the assumption of Lemma 7.1, suppose Pc can be connected to Mc as in 
Theorem 4.I with Mc = R{ei)oR{e2) with ^ G (0, 2]nQ for j = 1, 2. Let m G N satisfy v{c^) = 4. 
Then we have the following 

i(c"^-«) + z^(c'"-'?) < iic"^) - 2, Vg > 2. (7.4) 

Proof. As in Lemma 7.3, we have (17.21) with 



2^ = ^, r,-, GN, (r,, s,) = l, j = l,2. (7.5) 

By (16. 2p . it suffices to prove the case q = 2. 

Note that v{c^) = 4 implies that Sj\m, i.e., Sj is a factor of m for j = 1, 2. We may assume 
si < S2 without loss of generality. Hence we have 

jy(c'"-i) = u{c), i/(c™-2) = u{c^). (7.6) 
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In fact, i^(c™'~^) = 2k for k E {0, 1, 2} if and only if Sj\m — l for 1 < j < k, and this is equivalent to 
Sj\l for 1 < j < k, and this implies z^(c) = 2k. Similarly, vi^c^^"^) = 2k for A; € {0, 1, 2} if and only 
if Sj|m — 2 for 1 < j < k, and this is equivalent to Sj\2 for I < j < k, and this implies z^(c^) = 2k. 
Now if z^(c) > 2, then by (j6.2p and (|7.6p . we have 

Hence the lemma holds. 

Next consider the case j/(c) = 0. If J^(c^) = 0, then by Lemma 7.3 and (j7.6p . we have 

Hence it remains to consider the case J^(c^) > 2 and z^(c) = 0. This implies si = 2 and then ri = 1 
by (|7.5p . Now we have 

i(0 = „(,:(,)-2) + 2£(|)+2i(=^)-2 

. . 2 . 2«e, - 2, . 2 (. ( . I) - £ , (r,V, 

Now if i(c) > 4, then fTT]) implies that 1(0^) > i^c^-"^) + 6. This together with i/(c™"^) < 4 prove 
the lemma. 

If i{c) = 2, then by Lemma 7.1, we have i{c) = 1 + ^ > 2. This yields ^ > 1, and then S2 > 3. 
Hence i/(c™~^) < 2 by (j7.6p . Now the last term in (j7.7p is not less than 2. Hence 

z(c'"-2) + zy(c'"-2) < iic"") - 4 + 2 = ^(0"*) - 2. 

This proves the whole lemma. | 
Lemma 7.5. Let Mj and bj be the integers defined at the beginning of Section 6. If Mj. = b^ 
for some k € Nq, then we have 

Mk-Mk-i + ■■■ + {-!)' Mo = bk-bk-i + '-' + i-lfbo, (7.8) 
Mfc„i-Mfc_2 + --- + (-l)'-^Mo = bk-i - bk-2 + ■ ■ ■ + (-1)''-%, (7.9) 

Proof. By Theorem 3.2, we have 

Mk- Mk-i + --- + {-!)'' Mo > bk-bk^i + --- + {-!)'' bo, 
Mk-i-Mk-2 + --- + {-l)''-^Mo > bk-i - bk-2 + ■ ■ ■ + i-l)''-X, 
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These together with Mk = bk yields (HJD and then (jTIH]) . | 
Lemma 7.6. Under the assumption of Lemma 7.1, there are at least two prime closed geodesies 
on (5*^, F). If there are exactly two prime closed geodesies, then at least one of them has Poincare 

■ 

map Pc = R{Oi) o R{92) with -ji G (0, 2] \ Q for j = 1,2 in an appropriate coordinates. 

Proof. By [Fetlj . there exists at least one closed geodesic on {S^, F). Now we prove p > 2, 
where p is the integer in the assumption (F). As in the proof of Theorem 1.1 in Section 6, by 
Theorem 11.2.1 of |Lon2j . we obtain some {N,mi, . . . ,mp) £ N^^-^ such that 



^(cJ^O > 2N-^^^, (7.10) 
2 

i(cfO + KcfO < 2iV + ^, (7.11) 

.^^2m,-m^^^^^2m,-m^ < 2iV-(i(cj) + 25+Xl)-i^(c,)), VmGN. (7.12) 

■^2m,+m^ > 2N + i{cj), VmeN. (7.13) 

^(c^^') = Hcj), (7.14) 
By the proof of Theorem 1.1, we may assume ci satisfies 

M,,=R{ei)oQ,, z(c^i) + z/(c^i) = 2iV + 2, (c?™^) ^ 0, (7.15) 

for some ^ € R \ Q and Qi G Sp{2). Here we use notations as in the proof of Theorem 1.1. In 
fact, by the proof of Theorem 1.1, we must have C2N+2{E, Cj ^) ^ and M^^ contain a term R{0) 
with f ^ Q for some 1 < j < p. Thus (j7.15p follows from Proposition 2.1. 
By p. 340 of [Lon2] . we have 



25+^(1) -Kci) 



2S+ ,^)(1) - MRiOi)) + 25+ (1) - 



= + 25+ (l)-z.i(Qi) 

> -1. (7.16) 



Now by ()6.ip we have 



i(cr'""') + i^(ci '"™) < 2iV-l, VmGN. (7.17) 

.^^2mi+m^ > 2iV + 2, VmeN. (7.18) 

Now fTTSl) . dZUD-dZH]) together with Propositions 2.1 and 2.6 yield 

C2n{E, c"^) = 0, Vm G N. (7.19) 
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By Theorems 3.1 and 3.2 we have 

M2N > = 2. (7.20) 

Hence p >2 holds. This proves the first part of the lemma. 
Next we assume p = 2. Then we have 

C2n{E,4)^0, (7.21) 

for some g € N by ([T?^ . 

In order to prove the second part of the lemma, we need the following 
Claim. The only possible value of q that satisfies (j7.2ip is 2m2. 
In fact, again by p. 340 of |Lon2j . we have 



25+^(1) -Kc2)> -2, 



where the equality holds if and only if Mc^ = Ni{l, -l)""^. Now by ([61]), ([71^ and ([7l3]l . we 
have 

i(c^"^2-m) + j,(p2m2-m^ < 2iV, Vm G N. (7.22) 
.^^2m2+m) > 2iV + 2, VmeN. (7.23) 

Here the equality in ^7?^ holds if and only if m = 1, Mc^ = Ni{l, -1)*^ and 1(02) = 2 hold 
simultaneously. 

If the claim is not true, then by ()7.2ip and Proposition 2.1, the equality for m = 1 in ()7.22p 
must hold. Thus by Theorem 4.1, we have 

i(c^) = 2m, zy(c^) = 2, Vm G N. 

Hence by Proposition 2.1 again, we have 

C2n{E, c^™2-^) = Q, C2n{E, c^) = 0, Vm / 2m2 - 1. 

This together with l^7\T9\\ yield 

1 = M2N > b2N = 2. 

This contradiction proves the claim. 

Now we prove the second part of the lemma by contradiction, i.e., suppose Qi 7^ R{92) with 
some ^ G (0, 2] \ Q in the decomposition (j7.15p . Then by Theorem 1.2, we must have 

Mc^= R{e')oQ', (7.24) 
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for some ^ G R \ Q and Q' G Sp{2). 
Now (TTTQ]) - (17:21] ) imply that 



M2N = d\mC2N{E,c'^^) >2. 

Note that by ([721]), we have i>{c^^'') < 2. If i^{cl"^^) = 2, then by Theorem 4.1, we must have 
Q' = R{'d) for some | G (0, 2] n Q. Thus it follows from g3]) that i(c^) G 2Z for all m G N. 
Hence either 2N = i(<?^'^) or 2iV = i(c2™') + 2 holds. Now by Definition 2.3 for v(j?^'^) < 2, we 
have 

This contradiction proves the lemma. | 
Now we can give the proof of Theorem 1.5. 

Proof of Theorem 1.5. We prove the theorem by contradiction, i.e., by Lemma 7.6, we 
assume p = 2 in the assumption (F). By Lemma 7.6, we may assume Pci = -R(^i) o R{(^2) with 
^ G (0, 2] \ Q for j = 1,2 and (I7.15P holds. Assume the linearized Poincare map of C2 can be 
connected to in Theorem 4.1. Then due to Remark 7.2 and Theorem 4.1, we have the following 
cases according to Mc2- 

Case 1. We have M^^ = o R{^2) with G (0, 2] n Q for j = 1, 2. 

By p. 340 of [Lon2] . we have 

2S+ (1) - v{cj) > 0, j = 1, 2. (7.25) 

j 

Now by dll]), (l7T2]) - (rrT3D . we have 

iicp"""') + vicp"^) < 2N-2, VmGN, (7.26) 



•(2m,+m^ > 2iV + 2, VmGN, (7.27) 



for j = 1, 2. Note that by the definition of 2m2, we have 2m2-^ G Z for j = 1, 2. Thus we have 

zy(c2'"2 ) = 4^ ^(c2m2 ) = 2iV - 2, (7.28) 

where the latter holds by ([710]) - ([TIT]) . By ([72]), we have for m > 2 

i(c2™2+™) > i(c2™2) + 2(i(c2)-2) + 2^(^^^ +2^(^^) 
> i(c^™2)+6 

= 2iV + 4, Vm > 2. (7.29) 
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Where in the first inequality, we have used 2m2 2^ € Z for j = 1, 2. The second inequahty fohows 
by 1(02) > 2 as before. Note that by (j7.2ip and (iii) of Proposition 2.6, we have 

C2N-2iE, c2™2 ) = = C2N+2 (E, cj""-' ) . (7.30) 

Hence ^TT^-^M) imply 

J2 dimC2N+2{E, c^) < 1. (7.31) 

meN 

with equality holds if and only if 1(02) = 2 and kQ^{c2"^^^^) = kQ^{c2) = 1. Note that here we have 
used T{c2)\2m2- 

By ()7.15p and Lemma 7.3, we have 

1 < Yl dimC2N+2iE, cT) < 2. (7.32) 

mSN 

where the second equahty holds if and only if i{ci) = 2. 
By Theorem 3.2 and (f7:3T|) - (17:32]) . we have 

2 = b2N+2 < M2N+2 = dimC2N+2{E, dp) < 3. 

meN, l<j<2 

Now if M2N+2 = 3, by (173X1) - (17:32]) . we have 

Cg{E, cT) = = Cg{E, c^), Vm G N, g < 1, 
C2(E, ci) = Q = C2{E, C2), 

C2{E, c^^) = = C2{E, c^), Vm > 2, 

C^{E, cr) = = C^{E, c^), Vm G N. 

Here the latter two hold by Propositions 2.1 and 2.6 together with i(c™) > 4 for m > 2 and j = 1, 2, 
which follows from i{cj) > 2 for j = 1, 2 as before. Hence by Theorems 3.1 and 3.2, we have 

-2 = M3 - M2 + Ml - Mo>b3 -b2 + bi - bo = -1. 

This contradiction proves that 

M2N+2 = b2N+2 = 2. (7.33) 
By ()7.28p . Lemma 7.4, Proposition 2.1 and (j7.30p . we have 

Y dimC27V-2(^, c^) < 1. (7.34) 

mgN 
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with equality holds if and only if 1(02) = 2 and k~^Km2-iA'^2"^^ ^) = ^^(c2)^^'^^ ~ ^' ^^^^ ^^^^ here 
we have used T(c2)\2m2- By Lemma 7.3, we have 

J2 dimC2N-2{E, cT) < 2. (7.35) 

By Theorem 3.2 and (j7.34p - (j7.35p . we have 

2 = b2N-2 < M2N-2 = dimC2N-2iE, cf) <3. (7.36) 

meN, l<j<2 

Next we have two subcases according to the value of M2N-2- 
Subcase 1.1. M2N-2 = 3. 

In this subcase, the equality in ()7.34p and (I7.35|) must hold. In particular, we have 

C2N-3iE, cf) = 0, Vm G N, j = 1, 2. (7.37) 

In fact, since is non-degenerate and i(c5") is even for all m G N by ()7.2p . Hence (|7.37p holds 
for C]" by Proposition 2.1. By (|7.28p . Lemma 7.4 and Proposition 2.1, (j7.37p holds for with 
m < 2m2 - 2. By and Proposition 2.1, (fTIST]) holds for cf with m > 2m2. Since the 

equality in (j7.34p holds, we have 

i(c^^-i) + u{cl"^^-') = 2N-2, fc+^™,-i,(c^^~^) = 1. 

Hence (j7.37p holds for Cj™^^^ by Propositions 2.1 and 2.6. 
Now we have the following diagram. 





2N -3 2N -2 2N -1 


2N 


2N + 1 


2iV + 2 




2 










M,,2 


1 ki 


k2 


^3 


c 



(7.38) 



where M^^j = Xln^eN dimC=,(S, dj") for j = 1, 2, h = kf^{c^^^) for 1 < / < 3 and ^ + C = 2. In 
fact, the first column follows from (j7.37p . The second column follows from (j7.34p - (j7.35p . The first 
row follows from ^TAB and ([7:26]) - ([7:27]) . The second row follows from ¥nM - ¥LTj\ . ^ ( = 2 
follows from (|7.33p . 

Since M2N-'i = ^2Af-3 = and M2N+2 = b2N+2 = 2 hold by the first and last column of (|7.38p . 
we have by Lemma 7.5 

M2N+2-M2N+1 + Mi + Mo = b2N+2-b2N+i + bi + bo, (7.39) 

M2N-3 - M2N-4 + • • • + Ml - Mo = 62JV-3 - b2N-4 + • • • + 61 - 60, (7.40) 
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Subtracting ()7.40p from (j7.39p and using Theorem 3.1 together with (j7.38p . we have 



This imphes 



2 - fcg + /C2 - fci + 3 = M2N+2 - M2N+I + M2N - M2N-I + M2N~2 
= b2N+2 — &2JV+1 + b2N — b2N-l + b2N-2 = 6. 

k2- ki - = 1. 



(7.41) 



Since C]" is non-degenerate and i(c]") is even for all m G N, we have T{ci) = 1 by Lemma 5.2. 
Hence we have x(ci) = 1 by ()5.8p . Now by Lemma 7.1, we have 



X(ci) ^ 1 



(7.42) 



i(ci) 2 

Since T{c2)\2m2, we have k'^'^{c2^''^^) = k^^icl""^) for all / G N. This together with i(c^) is even 
for all m G N and (j7.4ip . we have 



On the other hand, we have 



^(^Ti-^))=k2-ki-h = l. 



X(c^) < 1, Vm < T{c2) 



(7.43) 



(7.44) 



In fact, this follows from i(c™) is even, ^{cq^) < 2 for all m < T(c2), Proposition 2.6 and ([5 
Now by ()5.8p . we have 



X{C2) 



Now by Lemma 7.1, we have 



X(C2) ^ 1 

i(c2) 2- 



By Theorem 5.5, ([Tli^ and ([Tli^ . we have 

l = m l) = J^ + S^^<i + i = L 
i(ci) i(c2) 2 2 

This contradiction proves the theorem in this subcase. 
Subcase 1.2. M2Ar-2 = 2. 
In this subcase, we have the following diagram. 



(7.45) 



(7.46) 





2A^-2 


2iV - 1 


2N 


2N + 1 


2N + 2 




7] 













M,,2 


A 


ki 


k2 


ks 


c 



(7.47) 
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With r/ + A = 2, ^ + C = 2 and /c/ = k'l^{c^^'') for 1 < Z < 3. Here 7? + A = 2 follows from M2N-2 = 2 
and the other parts follow just as in Subcase 1. 

Since M2N-2 = ^2Af-2 = 2 and M2N+2 = ^2Af+2 = 2 hold by the first and last column of (|7.47p . 
we have by Lemma 7.5 

M2N+2-M2N+1 + Mi + Mo = 627V+2 - ^27V+i + hi + hQ, (7.48) 

M2N-2 - M2N-3 + • • • + Ml - Mo = b2N-2 - b2N-3 + --- + bi-bo, (7.49) 

Subtracting (|7.49|) from (|7.48|) and using Theorem 3.1 together (|7.47|) . we have 
2-k3 + k2-ki = M2N+2 - M2N+1 + M2N - M2N-1 

= b2N+2 — b2N+l + b2N — &2Af-l = 4. 

This implies 

k2-ki-k3 = 2. (7.50) 

As in (j7.43|) . we have 

X(c?'')) = k2-ki-ks = 2. (7.51) 

Now by ([5^8]) and ([7^ . we have 



We assume 



t^ = r^, rj, A, Sj G N, {rj, As,) = 1, (si, S2) = I, j = 1, 2. (7.53) 



27r Asj 



By ()7.2p and Lemma 7.1, we have 

i(c2) = i(c2) - 2 + ^ + ^ = 2g + ^ + ^>2, (7.54) 
vr TT Asi As2 

where we denote by 2g = i(c2) — 2 G 2No. 

Note that T{c2) = XsiS2. Thus Multiplying both sides of ([73i|) by yields 

T(c2)i(c2) 

= qXsiS2 + riS2 + r2Si > AsiS2. 

Hence 

Tic life ) 

= qXsiS2 + riS2 + r2Si > AsiS2 + 1. (7.55) 

Now by ([732|) and ([735|) . we have 

X(C2) ^ T(C2) + 1 ^ AS1S2 + 1 ^1 , . 

^(C2) " T(c2)i(c2) 2(AsiS2 + l) 2' ^ ' ^ 
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This together with (|7.42p yields the contradiction ()7.46p . Hence the theorem holds in this subcase. 
Case 2. We have M^^ = R{^i) o iVi(-l, 1) with ^ £ (0, 2] n Q. 
By Theorem 4.1, we have 

i(c-) = m(i(c2) -l) + 2£ (^^) - 1, Vm € N, (7.57) 

with i(c2) G 2N. Note that 

r 2No if m G 2N - 1, 

i(c^) - i(c2) G (7.58) 
i 2No + 1 if m G 2N, 

One can check that (j7.25p - (j7.27|) still hold in this case. 

Note that by the definition of 2m2, we have 2m2^ G Z. Thus we have 

uicl""') = 3, i{cl""') = 2N-l, (7.59) 

where the latter holds by (mO]) - ([7TT] ) and iicj""^) is odd. Note that by (f7:2T|) and (iii) of Propo- 
sition 2.6, we have 

C2N-i{E, c^™^) = = C2N+2{E, cl"''). (7.60) 
By (I7.57P and Lemma 7.1, we have 

Kcl""^^^) >2N + 2, i{cl"'^+"') >2N + 5, Vm > 2. (7.61) 

Here the latter holds as in (j7.29p . Thus by the same argument as in Case 1, we have ()7.33p . 
Now we have the following diagram. 





2iV- 1 


2N 


2N + 1 


2N + 2 















M,,2 





ki 


k2 


c 



(7.62) 



With ^ + C = 2 and A;; = kf^icl""'') for 1 < / < 2. The first column follows by (iTlHU . (ITIM - (17:27]) 
and (j7.60p . The other parts follows just as in (j7.38p . 

Hence we have M2N+2 = ^2N+2 = 2 and M2N-1 = &2iV-i = 0. Thus as in Subcase 1.1, we 
obtain 

2-k2 + ki = M2N+2 - M2N+1 + M2N = b2N+2 - b2N+i + b2N = 4. (7.63) 

This implies 

ki-k2 = 2. (7.64) 
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Note that by Lemma 5.2 and (j7.58p . T{c2) is even. Hence by (I737D . T{c2)\2m2 and i{c^^^) is odd, 
we have 

Xicl^"'^) = h-k2 = 2. (7.65) 

We assume 

^ = -, n,siGN, (ri,si) = l. (7.66) 

ZTT Si 

By (|7.57p and Lemma 7.1, we have 

i{c2)=i{c2)-l + — = q + —>2, (7.67) 
vr si 

where we denote hy q = 1(02) — 1 G 2No + 1. 

2si 
(2, si) 

r(c2)i(c2) T{c2) f , 2r 



Note that T{c2) = Thus Multiplying both sides of ([7:671) by yields 



(? + ^ >r(c2). 



2 2 V si 

Since both the second and the third terms are integers, we have 

> r(c2) + L (7.68) 

Note that (|7.44|) still holds. In fact, by Theorem 4.1, we have J^(c™) < 1 for m ^ Omodsi. Hence 
(j7.44p hold for these m by Proposition 2.6. Now if T{c2) = si, (|7.44p is true. If T[c2) = 2si, 
i.e., si is odd, we only need to consider x(c2^)) then ;/(c2^) = 2 and i(c2^) is even by (|7.58p . Thus 
x(c2^) < 1 holds by Proposition 2.6 and (j5.7p . 
By dZai]), dSSD, (|7:65]) and (|7:68D . we have 

< lH±i < i. (7.69) 

Z(C2) T(c2)i(c2) 2 

This together with (|7.42p yields the contradiction (j7.46p . Hence the theorem holds in this case. 
Case 3. We have M^^ = R{^i) o iVi(l, -1) with ^ e (0, 2] n Q. 
By Theorem 4.1, we have 

i(c-) = m{i{c2) -l) + 2£ - 1, Vm € N, (7.70) 

withi(c2) G 2Z+1. Hence by ([ST]), we have i (02) > 3. By p.340 of [Loii2j , we have 25"^ {l)-u{c2) > 
-1. Thus by (|7T2]) - ([7T3]1 . we have 

iicl""^-"") + uicl""^-"") < 27V -2, VmGN, (7.71) 
.(^2m2+m) > 27V + 3, VmGN, (7.72) 
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Note that the same argument as in Case 2 impHes that ()7.59p - ()7.60p still hold. By (j7.32p . Theorem 
3.2, (j7.60p . (j7.7ip - (j7.72p and Proposition 2.1, we have (j7.33p here. By the same argument as in 
Case 2, (TM) holds here with h = k^\cl"'^) for 1 < / < 2. Then ^Mj-^M) hold. 
Note that T(c2)|2m2 and i{c^^) is odd by (I7.70p . we have 

X{cl^"'^) = h-k2 = 2. (7.73) 

We assume 

^ = -, ri,siGN, (ri,si) = l. (7.74) 

ZTT Si 

By (|7.7Up and Lemma 7.1, we have 

i{c2)=i{c2)-l + — = q+—>2, (7.75) 
vr si 

where we denote hy q = 1(02) — 1 G 2N. 

Note that T{c2) = si. Thus Multiplying both sides of (17:671) by yields 

») = ^(, + 5l)>rfe). 

Note that q G 2N, hence both the second and the third terms are integers, hence we have 

> nc2) + 1. (7.76) 

Note that IH^m still holds since iy{cf)<l for m < T{c2). Thus UiTMii . (1773]) and (I776|) imply 
(j7.69p holds. This together with (j7.42p yields the contradiction (j7.46p . Hence the theorem holds in 
this case. 

Case 4. We have M^^ = R{'&i) o P with G (0, 2] n Q and P G Sp{2) is hyperbolic. 

In this case, by Theorem 4.1, the index iteration formula coincide with that of Case 2 or Case 
3 when i{c2) G 2N or 1(02) G 2N + 1 respectively. Thus the same proof of Case 2 and 3 imply our 
theorem is true in this case. 

Case 5. M^^ = i?(t?i) o i?(i?2) with 2^ G (0, 2] n Q and ^ G (0, 2] \ Q. 

In this case, by Theorem 4.1, we have 

i{cf^^)e2N, v((?^^) = 2. (7.77) 
Then by the proof of Lemma 7.6 together with Propositions 2.1 and 2.6, we have 

1 > dimC27v(^, c^™') = M2N > b2N = 2. (7.78) 
This contradiction proves the theorem in this case. 
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Case 6. Mc^ dose not contain R{'&) with f G (0, 2] n Q and Ni{l, 1), Ni{-1, -1) . 
In this case, by Theorem 4.1, we have 

Kc^^)<2. 

Moreover, if the equality holds, must be one of the following 

Niil,-!^, iVi(l, -l)oiVi(-l, 1), Nii-l,!^, N2{u;,b), 
with N2{u,h) = \^ j and | G (0, 2] n Q. Hence by Theorem 4.1, we have 

i(c2"^2) G 2N. 

Then the same argument as in Lemma 7.6 shows the theorem holds in this case. 

Combining all the above cases, we obtain Theorem 1.5. | 
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